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We present a robust and efficient hp-adaptation methodology, building on a class of
hybridized finite element schemes for (nonlinear) convection-diffusion problems, includ-
ing compressible Euler and Navier-Stokes equations. Using a discrete-adjoint approach,
sensitivities with respect to output functionals of interest are computed to drive the adap-
tation. The theoretical framework is embedded in a unified formulation of a large class of
hybridized, adjoint consistent schemes. From the error distribution given by the adjoint-
based error estimator, h- or p-refinement is chosen based on the smoothness of the solution
which can be quantified by some smoothness indicators. Numerical results are shown for
a scalar convection-diffusion case, and also inviscid subsonic, transonic, and laminar flow
around the NACA0012 airfoil to demonstrate the viability of the hp-adaptivity in reducing
the error in the target functional.

I. Introduction

High order methods have become popular over the last decade due to their potential in giving more
accurate results with lower cost compared to low order methods. The most popular high order method
used to solve convection dominated flows is arguably the discontinuous Galerkin method [3, 1, 5, 2, 4], which
combines the advantages of both the finite volume and finite element methods which in turn have established
their reliability both in the scientific and industrial community. One disadvantage of the DG method is the
large number of degrees of freedom resulting from relaxing the continuity constraint of the solution across
element interfaces. Recently, a technique called hybridization has been found useful in reducing the number
of globally coupled degrees of freedom and hence the size of the global system that has to be solved at
each iteration step. Here, the coupled unknowns, also known as the hybrid variables, have support only
on the element interfaces (see Fig. 1). Hybridized DG discretizations were presented by Nguyen et al. for
linear [12] and nonlinear [13] convection-diffusion equations. Peraire et al. [14] have extended the method
for the Euler and Navier-Stokes equations and have shown its viability in aerodynamic flow simulations.
In a slightly different approach, Egger et al. [6] have presented the hybridized formulation for the linear
convection-diffusion equation, where the convection term is discretized with a DG method and the diffusion
term with a hybrid mixed method. Schütz and May [10] have extended this for the compressible Euler and
Navier-Stokes equations and have got promising results.

In most engineering applications, one may not be interested in full flow details, but rather in some specific
quantities. In external aerodynamics, these may be lift or drag coefficients of airplanes. With the aim of
getting accurate values for such functional quantities in the most efficient way, target-based error control
methods have been developed. One such method is based on the adjoint solution of the original governing
equations. In this method, an additional linear system is solved which then gives an estimate on the spatial
error distribution contributing to the error in the target functional. This estimate can be used as a criteria for
local adaptation, either h-adaptation (mesh refinement) or for p-adaptation (polynomial space enrichment),
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4.3. Finite element methods

Again, by substituting the explicit expression for ‚�h, we obtain from (4.17) that

‚uh = {{uh}} ≠ 1
2 –h

[[ruh · n]],

i.e., for an appropriate choice of discrete spaces, the method of Ewing et. al. [67] from
Example 4.6 is equivalent to the IP-HDG method and hence also to a variant of the DG
method due to Rivière [126]. However, the IP-HDG method yields (after static condensation)
a symmetric positive definite global system with fewer unknowns and less coupling than the
other discontinuous Galerkin methods. An example is depicted in Figure 4.2.

Figure 4.2.: Comparison of degrees of freedom (fourth order) of an IP-DG (left) and an IP-
HDG (right, after static condensation) formulation.

Among the discussed methods, the IP-HDG method, which was considered in Example 4.5
combines most of the advantageous features of other methods. The method is locally
conservative, the spaces can be chosen with some flexibility, it involves only primal and
hybrid variables and yields symmetric positive definite global systems. Moreover, it shares
the upwinding capabilities of discontinuous Galerkin methods. In the remaining parts of this
work, we will therefore concentrate on devising and analyzing such methods for the Stokes,
Oseen and Navier-Stokes problems.
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(b) Hybridized DG method

Figure 1: Globally coupled degrees of freedom

so that the error in the target functional is reduced. This local adaptation is more efficient than a global
adaptation where even the cells that contribute little to the error in the target functional get adapted which
increases the computational cost unnecessarily. Adjoint-based hp-adaptivity has already been found efficient
in error reduction in the context of discontinuous Galerkin methods [9, 8, 18] and also in the CPR methods
[11]. Adjoint-based adaptation has been found to be effective particularly in hyperbolic problems where
there is a domain of dependence from where the information propagates; the adjoint solution can capture
those regions better compared to feature-based adaptations.

Schütz and May [16] and Woopen et al. [19] devised and implemented an adjoint-based mesh adaptation
procedure based on a class of adjoint-consistent hybridized finite element methods. In the present work, we
add hp-adaptivity methodology to our hybridized finite element solver. The rest of the paper is organized
as follows. The governing equations are introduced in Sec. II. The details of the numerical scheme, which
includes the discretization of the weak formulation, time relaxation and the hybridization is given in Sec. III.
The whole adaptation strategy together with a short introduction on adjoint error estimator and the hp-
adaptation methodology is given in Sec. IV. In Sec. V we show results for different test cases such as a scalar
linear convection-diffusion problem, Euler and Navier-Stokes equations. We give some final conclusions in
the last section.

II. Governing Equations

A. Two-Dimensional Euler Equations

The Euler equations are comprised of the inviscid compressible continuity, momentum and energy equations.
They are given in conservative form as

∂tw +∇ · fc(w) = 0 (1)

with the conserved variables
w = (ρ, ρu, ρv, E)T (2)

where ρ is the density, u and v the velocities in horizontal and vertical direction, and E the total energy.
The convective flux is given by

fc,1 =
(
ρu, p+ ρu2, ρuv, u(E + p)

)T
(3)

fc,2 =
(
ρv, ρuv, p+ ρu2, v(E + p)

)T
. (4)

Pressure is related to the conservative flow variables w by the equation of state

p = (γ − 1)

(
E − 1

2
ρ
(
u2 + v2

))
(5)
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where γ = cp/cv is the ratio of specific heats, generally taken as 1.4 for air. The speed of sound is c which

for ideal fluid is given by c =
√
γ pρ .

B. Two-Dimensional Navier-Stokes Equations

The Navier-Stokes equations are the viscous complement of the Euler-Equations for a Newtonian fluid. In
conservative form they are given by

∂tw +∇ · (fc(w)− fv(w,∇w)) = 0. (6)

The convective part of the Navier-Stokes equations coincides with the Euler equations. Thus, we only state
the viscous flux in the following.

fv,1 = (0, τ11, τ21, τ11u+ τ12v + kTx)
T

(7)

fv,2 = (0, τ12, τ22, τ21u+ τ22v + kTy)
T
. (8)

The temperature is defined via the ideal gas law

T =
µγ

k · Pr

(
E

ρ
− 1

2

(
u2 + v2

))
=

1

(γ − 1)cv

p

ρ
(9)

where Pr =
µcp
k is the Prandtl number, which for air at moderate conditions is constant with a value of

Pr = 0.72. k denotes the thermal conductivity coefficient. For a Newtonian fluid, the stress tensor is defined
as follows

τ = µ

(
∇ŵ + (∇ŵ)

T − 2

3
(∇ · ŵ) Id

)
(10)

where ŵ := (u, v)T .
The variation of the molecular viscosity µ as a function of temperature is determined by Sutherland’s

law [17] as

µ =
C1T

3/2

T + C2
. (11)

III. Discretization

A. Notation

We tesselate the domain Ω into a collection of non-overlapping elements, denoted by Th, such that
⋃
T∈Th T =

Ω. For the element edges we regard two different kinds of sets, ∂Th and Γh, which are element-oriented and
edge-oriented, respectively. The first is the collection of all element boundaries, which means that every edge
appears twice. The latter however includes every edge just once. The reason for this distinction will become
clear later. Please note that neither of these sets shall include edges lying on the domain boundary; these
are denoted by Γbh.

We will distinguish between element-oriented inner products and edge-oriented inner products

(v, w)Th =
∑
T∈Th

∫
T

vw dx, 〈v, w〉∂Th =
∑
T∈Th

∫
∂T

vw dσ, 〈v, w〉Γh
=
∑
e∈Γh

∫
e

vw dσ.

We also introduce the so-called jump-operator which is defined as

JϕK =
(
ϕ− − ϕ+

)
n−

for scalar ϕ and as
JτK =

(
τ− − τ+

)
· n−

for vector-valued τ . Here τ− and τ+ denote the values of τ on the left and on the right sides of an edge,
respectively.
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B. Weak Formulation

A general convection-diffusion equations can be rewritten into a first-order system by introducing an addi-
tional unknown representing the gradient of the solution

q = ∇w
∇ · (fc (w)− fv (w, q)) = s (w, q)

The main ingredient to get the hybridized weak formulation is to have an additional unknown, λh, which
approximates the solution on the edges of the mesh. In order to close the system, the continuity of the
numerical fluxes across edges is required in a weak sense, resulting in an additional equation.

The weak formulation of the hybrid system, comprised of equations for the gradient qh, the solution itself
wh and its trace on the mesh skeleton λh, is then given by:

Find xh := (qh, wh, λh) ∈ Xh := (Vh,Wh,Mh) s.t. ∀ yh := (τh, ϕh, µh) ∈ Xh

0 = Nh (xh; yh)

:= (τh, qh)Th + (∇ · τh, wh)Th − 〈τh · n, λh〉∂Th
− (∇ϕh, fc(wh)− fv(wh, qh))Th − (ϕh, s(wh, qh))Th +

〈
ϕh, f̂c − f̂v

〉
∂Th

+
〈
µh,

r
f̂c − f̂v

z〉
Γh

+Nh,∂Ω (qh, wh; τh, ϕh) .

Please note the use of ∂Th in the weak formulation of the mixed form, and Γh in the last equation defining
λh. This perfectly resembles the character of these equations, being element- and edge-oriented, respectively.

The respective function spaces are given by

Vh = {v ∈ L2 (Ω) : v|Ωk
∈ P p(Ωk),Ωk ∈ Th}c×d

Wh = {w ∈ L2 (Ω) : w|Ωk
∈ P p(Ωk),Ωk ∈ Th}c

Mh = {µ ∈ L2 (Γh) : µ|e ∈ P p(e), e ∈ Γh}c.

Thus, q, w and λ are approximated by piecewise polynomials of degree p which can be discontinuous across
edges (qh, wh) or vertices (λh).

We choose numerical fluxes comparable to the Lax-Friedrich flux and to the LDG flux for the convective
and diffusive flux, respectively, i.e.

f̂c (λh, wh) = fc (λh) · n− αc (λh − wh)

f̂v (λh, wh, qh) = fv (λh, qh) · n+ αv (λh − wh)

The stabilization introduced can be given by a tensor; in our work, however, we restrict ourselves to a
constant scalar α = αc + αv which seems to be sufficient for a wide range of test cases.

The boundary conditions are incorporated by evaluating the analytical fluxes with the boundary condi-
tions w∂Ω applied to wh and fv,∂Ω to fv, i.e.

Nh,∂Ω (qh, wh; τh, ϕh) := 〈τh · n,w∂Ω (wh)〉Γb
h

+ 〈ϕh, (fc (w∂Ω (wh))− fv,∂Ω (fv (w∂Ω (wh) , qh))) · n〉Γb
h
.

It is interesting to note that λh does not occur in this boundary term as it is only defined on interior edges.

C. Relaxation

If the initial guess x0
h is chosen sufficiently close to the solution xh, Newton’s method can be used, i.e.

updating the solution in each step via
xn+1
h = xnh + δxnh (12)

until the residual Nh (xnh) drops below a certain threshold. Here, δxnh is obtained by

N ′h (xnh) (δxnh) = −Nh (xnh) . (13)
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However, in most cases the initial guess is not close enough to the solution, so that a damped version of
Newton’s method has to be used. Here, a diagonal term is added to the equation system, i. e.(

N ′h (xnh)− 1

∆tn
Id

)
δxnh = −Nh (xnh) . (14)

Please note, that Newton’s method is formally recovered for ∆t → ∞. Otherwise this method can be
interpreted as an implicit Euler method

xn+1
h = xnh + ∆tNh

(
xn+1
h

)
(15)

where one does not completely solve the nonlinear system of equations, but approximates the term
Nh
(
xn+1
h

)
by its first order Taylor expansion

Nh
(
xn+1
h

)
≈ Nh (xnh) +N ′h (xnh)

(
xn+1
h − xnh

)
The next question is, how to choose ∆tn in each iteration such that for xnh → xh, ∆tn → ∞. Therefore,
we choose a sequence (∆tn)n to consist of a ramping phase followed by a very fast increase. Furthermore,
we choose an n0 and ε0 (usually around 3 and 10−6, respectively), and c0, c1 such that we can express
∆tnk := CFL(n) · hk as a function of n and the element dimension hk as

CFL(n) =


c0

(
3
(
n
n0

)2

− 2
(
n
n0

)3
)

n ≤ n0, ‖Nn
h ‖2 > ε0

CFL(n− 1)
(

1 + c1 max
(

0, log
(
‖Nn−1

h ‖2
‖Nn

h ‖2

)))
otherwise

(16)

where both c0 and c1 are usually around 100. Strictly speaking, these parameters depend on the actual
problem; experiments, however, showed that they can be reliably tuned for a wide range of problems.

D. Hybridization

Using an appropriate polynomial expansion for δqh, δwh and δλh, the linearized global system is given in
matrix form as  A B R

C D S

L M N


 δQ

δW

δΛ

 =

 F

G

H

 (17)

where the vector [δQ, δW, δΛ]
T

contains the expansion coefficients of δxh with respect to the chosen basis.
Please note that this vector is organized in such a manner that the degrees of freedom related to δqh and
δwh are grouped together element-wise.

In order to carry on with the derivation of the hybridized method, we want to formulate that system in
terms of δΛ only. Therefore we split it into[

A B

C D

][
δQ

δW

]
=

[
F

G

]
−

[
R

S

]
δΛ (18)

and [
L M

] [
δQ

δW

]
+NδΛ = H. (19)

Substituting Eq. (18) into Eq. (19) yields the hybridized systemN − [ L M
] [ A B

C D

]−1 [
R

S

] δΛ = H −
[
L M

] [ A B

C D

]−1 [
F

G

]
(20)

The workflow is as follows: First, the hybridized system is assembled and then being solved for δΛ. Then,
δQ and δW can be reconstructed inside the elements via Eq. (18). It is very important to note that it is not
necessary to solve the big system given by Eq. (18). In fact, the matrix in Eq. (18) is block diagonal whereat
each block is associated to one element. Thus, both the assembly of the hybridized matrix in Eq. (20) and
the reconstruction of δQ and δW can be done in an element-wise fashion.
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IV. Adaptation Strategy

The adaptation methodology we propose is based on the adjoint error estimator that gives a spatial
error distribution based on some target functional. This enables us to know which flow region need to be
resolved more to reduce the error in the target functional. Having found the cells which contribute to a high
error, one can choose between h-refinement and p-refinement. In h-refinement, the mesh is refined locally
by subdividing the cells to form interior cells. In p-refinement, the approximation space of the solution is
enriched by increasing the degree of the solution polynomial approximation by one. When the flow is smooth,
p-refinement is more efficient as it gives better reduction in the error per cost. Near to discontinuities, h-
refinement is a better choice since doing p-refinement may introduce additional Gibbs oscillations. Hybridized
finite element schemes offer full flexibility like DG schemes to have different polynomial approximations
locally. However, care must be taken when approximating the hybrid variable, λ, which sits on the edges
of the mesh elements. When there are neighboring cells having different polynomial approximations, the
hybrid variable on the edge connecting those cells has to be approximated with the maximum of the two
degrees.

A. Adjoint-based error estimation

Often, the focus is not on the accuracy of the solution wh of a partial differential equation but on some
functional J : X 7→ R acting on the solution situated in a suitable Hilbert Space X. In aerospace applications
lift and drag are used as target functionals. In order to estimate the error of the approximated functional
with respect to the real one, we use the first-order Taylor expansion

eh := Jh (x)− Jh (xh) (21)

where xh is the approximation to x in Xh. For the derivation of the adjoint-based error estimate we expand
the target functional in a Taylor series as follows

Jh (x)− Jh (xh) = J ′h [xh] (x− xh) +O
(
‖x− xh‖2

)
. (22)

We proceed in a similar manner with the error in the residual, i.e.

Nh (x; yh)−Nh (xh; yh) = N ′h [xh] (x− xh; yh) +O
(
‖x− xh‖2

)
. (23)

As our discretization is consistent the first term Nh (x; yh) vanishes.
Substituting Eq. (23) into Eq. (22) and neglecting the quadratic terms yield the so-called adjoint equation

N ′h [xh] (yh; zh) = J ′h [xh] (yh) (24)

with the dual solution zh =
(
q̃h, w̃h, λ̃h

)
. zh represents the link between variations in the residual and in

the target functional.
Weighting the residual with the obtained adjoint solution results in an global error estimate

eh ≈ η := Nh (xh; zh) (25)

which can then be restricted to a single element to yield a local indicator for mesh refinement, i.e.

ηT :=
∣∣Nh (xh; zh)

∣∣
T

∣∣ (26)

so that η ≤
∑
T∈Th ηT holds.

Please note, that the functionals Nh and Jh and their jacobians have to be evaluated in a somewhat
richer space than Xh, namely X̃h ⊃ Xh. Otherwise the weighted residual Nh (xh; zh) would be identical zero
as

Nh (xh; yh) = 0 ∀yh ∈ Xh. (27)

This can be achieved by either mesh refinement or a higher polynomial degree for the ansatz functions. In our
setting, especially when using a hierarchical basis, the latter is advantageous with respect to implementational
effort and efficiency.
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B. Hp-refinement

The aim is to perform hp-refinement judiciously such that the error in the target functional is reduced with
the least additional cost. As already mentioned, the adjoint-based error estimator gives the spatial error
distribution and the cells which contribute the most to the error are flagged for refinement. Among these
cells, those which are further flagged by the smoothness sensor would undergo an h-refinement, whereas in
the remaining cells the polynomial degree is increased. The smoothness sensor we use is the one proposed
by Persson and Peraire [15], where they use it in the artificial viscosity term to capture shocks. The same
sensor has been used by Wang and Mavriplis [18] to choose between p- and h-refinement in their hp-adaptive
adjoint adaptation methodology. The sensor works on the fact that for smooth solutions, the expansion
coefficients of the solution decay very quickly and for non-smooth solutions, the rate of decay is slower. This
can be exploited to check the regularity of the solution. On each elements, the smoothness sensor is defined
as

Sk :=

∫
Ωk

(w − ŵ)2dx∫
Ωk
w2dx

(28)

where

w =

Np∑
i=1

wiψi, ŵ =

Np−1∑
i=1

wiψi. (29)

w is the solution variable and ŵ is the truncated expansion of the same solution variable and it contains only
terms upto order p− 1. Higher values of Sk indicate lower regularity of the solution and hence h-refinement
would be preferable in those cells. Having calculated the smoothness sensors Sk in each cell, we choose h-
refinement if Sk is greater than some parameter εtol, or choose p-refinement otherwise. This εtol, in general,
should depend on the degree of the polynomial approximation as it dictates the rate of the decay of the
coefficients. However, we have chosen this parameter based on some initial trial runs for each test case and
the best value is taken. For the scalar convection-diffusion case, εtol ≈ 1.0 is chosen and for the NACA 0012
test case, for inviscid subsonic, transonic and viscous laminar flows, εtol ≈ 10−5 is chosen. Although these
values of εtol seems to work well for these test cases, a more general way has to be found out where we
can express and adapt this tolerance limit as a function of the polynomial degree and the regularity of the
solution at each step.

V. Numerical Results

A. Scalar Convection-Diffusion Equation

We consider the scalar convection-diffusion equation

∇ · (w,w)− ε∆w = s (x, y) ∈ Ω = [0, 1]2

w(x, y) = 0 (x, y) ∈ ∂Ω

We take the solution as

w(x, y) =

(
x+

ex/ε − 1

1− e1/ε

)
·
(
y +

ey/ε − 1

1− e1/ε

)
,

which forms a boundary layer for lower values of ε. Substituting this solution into the convection-diffusion
equation gives a source function which we then use to solve the equation. The target functional of interest
is the mean value, i.e.

J(w) =

∫
Ω

w(x, y) dx

We have chosen ε = 0.01, in which case there is a strong boundary layer on the top right corner of the
domain. The presence of such a strong gradient in the solution makes it a suitable candidate to perform
hp-adaptations. A uniform mesh with 128 elements has been used as the initial mesh. A fixed fraction of
20 percent was used in our simulations for marking the elements based on the adjoint error estimator. A
polynomial degree of 2 has been used uniformly in the initial mesh and a maximum limit of degree 5 has been
set for the hp-adaptations. A tolerance of εtol = 1 for the smoothness indicator is used to decide between h
and p refinement. Fig. 2 shows the solution after the 13th hp-adaptation step when the error is of the order
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of 10−12. One can observe in the figure that the mesh is refined more on upper right corner where there is a
high gradient which should be resolved well to get the correct mean value. The adjoint error estimator could
detect this region as a high source of error and the smoothness sensor marked them to do h-refinement.

A comparison of the hp-adapted error convergence is also shown with adjoint-based pure h-refinement
for p = 1, 2 and 3. As expected, the error in the target functional attains the same value as that of other
pure h-refinement simulations, but with a lower number of degrees of freedom.

(a) Solution (13th adaptation step, 1226 elements)

10−3 10−2 10−1
10−14

10−11

10−8

10−5

10−2

1/
√

ndof

|J
(w

)
−
J

(w
h
)|

p = 1

p = 2

p = 3

hp

(b) Error Vs. Degrees of freedom

Figure 2: Scalar convection-diffusion test case, ε = 0.01

B. Subsonic flow over NACA 0012 airfoil

The steady state Euler equations have been solved around the NACA 0012 airfoil with a free stream Mach
number of M∞ = 0.5 and an angle of attack of α = 2◦. The drag coefficient has been used as the target
functional for the adjoint-based adaptations. Simulations have been performed for p=1, 2, 3 and 4 to assess
the improvement in the convergence rate for higher polynomial degrees. Hp-adaptive refinements were also
done using the adjoint-based estimator and the smoothness sensor. A tolerance of εtol = 10−5 for the
smoothness indicator is used to decide between h and p refinement. Fig. 3 shows the Mach number contours
obtained on the initial coarse mesh (719 elements) and also on the hp-adapted mesh (1648 elements). As
expected, the adapted mesh has h-refined regions near the trailing edge where there is a singularity, and the
leading edge due to the high gradient of the solution, which would result in more accurate drag coefficient
values. In order to compute the error in the drag coefficient, a reference value was obtained on a hp-adapted
mesh with approximately 2.6 × 105 degrees of freedom. Fig. 4 shows the convergence of the error in the
drag coefficient as we vary the polynomial degree. For higher p, the convergence rate has become better.
However, hp-adaptation is found to be superior to pure h-refinement. In the hp-adaptive simulations, p was
varied from 2 to 4. In terms of the work units, hp-refinement was found to be superior, too. The work
units were calculated as the wall clock time taken by the solver, excluding the time for the initialization and
post-processing, with respect to the time taken by the Taubench, an unstructured grid benchmark [7].

C. Transonic flow over NACA 0012 airfoil

Transonic inviscid flow has been computed over NACA 0012 airfoil with a free stream Mach number of
M∞ = 0.8 and an angle of attack of α = 1.25◦. Drag coefficient has been used again as the target functional
for the adjoint-based adaptation. Hp-adaptive refinements were also done using adjoint-based estimator and
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(a) Mach number contours on initial mesh (719 elements) (b) Mach number contours on hp-adapted mesh (1648 elements)

Figure 3: Inviscid subsonic flow, M∞ = 0.5, α = 2◦
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(a) Error in drag coefficient Vs Degree of freedom
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Figure 4: Inviscid subsonic flow, M∞ = 0.5, α = 2◦

the smoothness sensor. The reference value for the drag coefficient was obtained on a hp-adapted mesh with
approximately 2.3× 105 degrees of freedom. Fig. 5 shows the Mach number contours at different adaptation
levels. One can see the the upper and lower shock region, the trailing and leading edge getting h-refined
in each adaptation. Fig. 6 shows the convergence in the drag coefficient as we vary the polynomial degree.
Increasing the polynomial order globally and performing adaptive h-refinement alone shows no significant
improvement from p = 2 on. This is probably due to the shock on the upper side and the singularity on the
trailing edge. However, hp-adaptation (p = 2 to p = 5) works well and is found to be superior compared to
pure h-refinement.
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(a) Mach number contours at initial mesh (719 elements) (b) Mach number contours at hp-adapted mesh (1635 elements)

(c) Mach number contours at hp-adapted (4105 elements) (d) Mach number contours at hp-adapted mesh (11309 elements)

Figure 5: Inviscid transonic flow, M∞ = 0.8, α = 1.25◦

D. Laminar flow over NACA 0012 airfoil

Finally, we consider subsonic laminar flow around the NACA 0012 airfoil with a free stream Mach number
of M∞ = 0.5, an angle of attack of α = 1◦ and a Reynolds number of Re = 5000. We perform adaptations
on both drag and lift coefficients. The reference values for the drag and lift coefficients were obtained on
hp-adapted meshes with approximately 1.5 × 105 degrees of freedom. Fig. 8 shows the convergence of the
error in the drag coefficient against the number of degrees of freedom for p=1, 2, 3 and 4. Hp-adaptive
refinements were also done using adjoint-based estimator and the smoothness sensor. Fig. 7 compares the
Mach number contours obtained on the initial mesh (1491 elements) and on a hp-adapted mesh (3738
elements, 6th adaptation step). As one can see, on the initial mesh, the solution especially at the trailing
edge was not well-resolved, whereas on the adapted mesh, the solution is found to be well-resolved. Fig. 8
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Figure 6: Inviscid transonic flow, M∞ = 0.8, α = 1.25◦

and Fig. 9 show the convergence of the error in the drag coefficient and the lift coefficient, respectively, as we
vary the polynomial degree. Increasing the polynomial degree and hp-adaptivity have been found to work
well in increasing the convergence rate of the error.

(a) Solution at initial mesh (1491 elements) (b) Solution at hp-adapted mesh(3738 elements)

Figure 7: Subsonic laminar flow, M∞ = 0.5, α = 1◦, Re= 5000
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Figure 8: Viscous laminar flow, M∞ = 0.5, α = 1◦, Re= 5000
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Figure 9: Viscous laminar flow, M∞ = 0.5, α = 1◦, Re= 5000

VI. Conclusions

An hp-adaptation strategy was presented for a class of hybridized finite element schemes for general
convection-diffusion equations, including both Euler and Navier-Stokes equations.

Hp-adaptation could resolve important flow features thereby reducing the error in the target functional
in a more efficient way compared to pure h-refinement adaptation. For the inviscid subsonic case, both
pure h-adaptations and hp-adaptations could increase the convergence rate of the drag coefficient, although
hp-adaptation was found to be more efficient. For the transonic case, hp-adaptation is found to work well
in resolving flow features such as shocks and high gradients. For the laminar case, both increasing the
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polynomial degree and hp-adaptations were found to be efficient in reducing the error in both lift and drag
coefficients. Future work should aim at incorporating anisotropic hp-refinement which would be more efficient
especially for the flows having discontinuities and high gradients.
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